Observations of the accretion powered millisecond pulsar SAX J1808.4-3658 have revealed an interesting binary evolution, with the orbit of the system expanding at an accelerated rate. We use the recent finding that the accreted fuel in SAX J1808.4-3658 is hydrogen depleted to greatly refine models of the progenitor and prior evolution of the binary system. We constrain the initial mass of the companion star to 1.0-1.2 M , more massive than previous evolutionary studies of this system have assumed. We also infer the system must have undergone strongly non-conservative mass transfer in order to explain the observed orbital period changes. Following Jia & Li (2015), we include mass loss due to the pulsar radiation pressure on the donor star, inducing an evaporative wind which is ejected at the inner Lagrangian point of the binary system. The resulting additional loss of angular momentum resolves the discrepancy between conservative mass transfer models and the observed orbital period derivative of this system. We also include a treatment of donor irradiation due to the accretion luminosity, and find this has a non-negligible effect on the evolution of the system.
INTRODUCTION
Accretion powered millisecond pulsars (AMSPs) are rapidly spinning neutron stars in binary orbits that are thought to be the progenitors of radio millisecond pulsars (e.g., Tauris & van den Heuvel 2006) .
Pulsars are born with strong (≈ 10 12 G) magnetic fields, and their rotation periods spin down over time due to rotational loss of energy (e.g., Bhattacharya & van den Heuvel 1991) . The peculiar observation of fast-spinning radio pulsars with weak (≈ 10 8 G) magnetic fields in the 1980s motivated the theory that these are "recycled" pulsars that have been spun up through accretion of mass from a binary companion star and now appear as radio millisecond pulsars (e.g., Bhattacharya & van den Heuvel 1991) . Further evidence for this theory was that a large fraction of radio millisecond pulsars were observed to be in binary systems (Bhattacharya & van den Heuvel 1991) . It was not until 1998 that this "recycling scenario" theory was confirmed by the observation of an actively accreting millisec-E-mail: ajgoodwin.astro@gmail.com ond pulsar (AMSP) in a binary system, SAX J1808.4-3658 (Chakrabarty & Morgan 1998; Wijnands & van der Klis 1998) . Since this discovery, more than 17 other AMSP systems have been discovered (see e.g., Patruno & Watts 2012 , for a review). Now, more than 20 years after the first AMSP was discovered, it is thought that millisecond pulsars go through an accretion phase, in which they are spun up and X-ray emission is observed. Then, when the mass transfer rate reduces, they switch on as rotation-powered radio millisecond pulsars. This theory is supported by the observation of swings between rotation and accretion power in the millisecond binary pulsar IGR J18245-2452 (Papitto et al. 2013) , which provides direct evidence that a rotation powered radio millisecond pulsar can switch on during periods of low mass inflow in an AMSP system, demonstrating an evolutionary pathway for AMSPs to evolve into radio pulsars.
Numerical studies of the formation channels of AMSP systems have been successful in modelling their population as a whole, but individual systems are often insufficiently constrained to reliably determine their prior evolutionary history (e.g., Podsiadlowski et al. 2002; Nelson & Rappaport 2003) . Recent efforts have used state of the art models combined with accreting neutron star observations, specifically those that exhibit Type I (thermonuclear) X-ray bursts, to constrain system parameters such as the accreted fuel's composition, the accretion rate, and the neutron star mass and radius (Goodwin et al. 2019a ). These new constraints enable more precise, system dependent, models of the binary evolution to be obtained, potentially clearing the way to constraining the mass transfer history and efficiency of these systems.
SAX J1808.4-3658 goes into outburst approximately every 4 years (Goodwin et al. 2019b; Del Santo et al. 2015; Markwardt et al. 2011; Markwardt & Swank 2008; Markwardt et al. 2002) , and is the most well studied and observationally constrained AMSP of its kind. The orbital period evolution of SAX J1808.4-3658 has proven consistently puzzling, as its orbital period derivative was measured to be an order of magnitude larger than expected by conservative mass transfer models (di Salvo et al. 2008) .
The currently prevailing theory for the unusually rapid orbital evolution of SAX J1808.4-3658 is the radio-ejection model, in which a significant amount of matter is ejected from the inner Lagrangian point of the system during quiescence. In the radio-ejection model, the radiation pressure from the pulsar on the infalling accreted matter stops the matter at the inner Lagrangian point, and ejects it from the system (e.g. Burderi et al. 2002) . This evolutionary phase occurs during the pulsar's transition from an AMSP to a rotation-powered radio millisecond pulsar, in a semidetached binary. SAX J1808.4-3658 is one of the few individual AMSPs whose evolution has been extensively modelled, due to the large amount of observational data available. However, none of these evolutionary studies have accounted for the fact that the donor star in this system has been shown to be significantly evolved, as evidenced from model constraints on the accreted fuel composition during X-ray outbursts (Goodwin et al. 2019a; Johnston et al. 2018; Galloway & Cumming 2006 ). An evolved donor increases the required initial mass of the donor star, since small (<0.7 M ) donors could not have depleted hydrogen in their cores within the Hubble time. Tailo et al. (2018) simulated evolutionary tracks for SAX J1808.4-3658 using the stellar evolution code ATON 2.0 (Ventura et al. 2008) . They followed the binary evolution of the system beginning with an orbital period of ≈6.6 hr and modelled evolution driven by angular momentum losses via magnetic braking, gravitational radiation, and mass loss. They accounted for effects of irradiation of the donor by the X-ray emission and the spin-down luminosity of the pulsar, but did not include evaporation in their models. They included a treatment of radio ejection, in which the system ejects mass lost from the donor, as well as its angular momentum, if the period of the system exceeds the critical period predicted. They start with a companion mass of 0.75 M , NS mass of 1.33 M and P=6.6 hrs, assuming a NS radius of 10 km.
Chen (2017) also simulated evolutionary tracks of SAX J1808.4-3658 using MESA, where the evolution of the binary system was driven by angular momentum losses from gravitational wave radiation, magnetic braking, and mass loss. They included evaporation driven by the spin-down lu-minosity of the pulsar and irradiation driven by the high Xray luminosity during transient outburst phases. These processes induce a high wind-loss rate (∼ 10 −9 M yr −1 , eventually resulting in a detached binary system, motivating the authors to conclude that SAX J1808.4-3658 would evolve into a black widow-like system.
Both of these studies required that magnetic braking continues to be active once the companion star becomes fully convective, with Tailo et al. (2018) arguing that due to effects of irradiation on the internal structure of the companion star, it would not be completely convective even at its very small presently observed mass. These studies found that a mass loss rate of ∼ 10 −9 M yr −1 from the inner Lagrangian point is required in order to match the observed orbital period derivative of this system. Neither of the best evolutionary tracks of these studies included an evolved companion star, however, with approximately 50% helium at the surface at the current evolutionary phase of the system being required by the observed bursting behaviour. Tailo et al. (2018) do not discuss the H mass fraction at the surface of the donor star for their best model, but it is assumed to be somewhere between 0.7-0.75, and Chen (2017) found that the current H mass fraction at the surface of the donor star was 0.68 in their best model. Neither of these H mass fractions support the evidence for a depleted H mass fraction (X≈ 0.57) of the accreted fuel during X-ray outbursts found by Goodwin et al. (2019a) , Johnston et al. (2018) as well as Galloway & Cumming (2006) .
In particular, using a Markov Chain Monte Carlo method to match observations of accreting neutron stars in outburst with a semi-analytic ignition model, Goodwin et al. (2019a) obtained constraints on the neutron star mass, radius, accretion rate, accreted fuel composition and distance to the AMSP SAX J1808.4-3658. They found that a present neutron star mass of approximately 1.6 M (higher than the traditionally adopted value of 1.4 M (e.g. Steiner et al. 2018 ) and a H fraction of approximately 0.57 for the accreted fuel were required in order to match burst observations. This result implies that not only has the neutron star gained mass through accretion, but that the companion star has undergone significant hydrogen-burning, placing a strong lower bound on its initial mass. In this work we calculate the binary evolution pathway of SAX J1808.4-3658 starting after the neutron star has formed, and taking into account the hydrogen depletion in the core of the donor star, in order to gain insight into the evolution of this system and its progenitor.
In Section 2 we describe the methods and physics used to model the evolutionary tracks of SAX J1808.4-3658. In Section 3 we present our results, providing evolutionary tracks including the effects of evaporation and without the effects of evaporation. Finally in Section 4 we discuss the implications of our results and present our conclusions.
METHODS
We calculated possible binary evolution pathways for SAX J1808.4-3658 using the Modules for Experiments in Stellar Astrophysics stellar evolution binary program version 9575 (MESA; Paxton et al. 2011 Paxton et al. , 2013 Paxton et al. , 2015 Paxton et al. , 2019 . We explored a range of initial donor star masses (0.6-2.0 M ) and orbital separations (0.4-3 d), with a fixed initial neutron star point mass of 1.4 M . We initialised the donor star as a zero-age main sequence star with a hydrogen mass fraction of X=0.7 and metallicity of Z=0.02. We used the Ritter mass transfer scheme (Ritter 1988 ) and the Eggleton Roche Lobe Overflow scheme (Eggleton 1983) with Eddington limited accretion.
The rate at which angular momentum is lost from the system is dependent on gravitational radiation, mass loss, and magnetic braking, with the total change in angular momentum given by
For the rate of angular momentum loss due to gravitational radiation, J GR , we used the default MESA implementation of the Peters formulae (Peters 1964) assuming zero initial eccentricity, as described in Paxton et al. (2015) ,
where c is the speed of light, M d is the donor star mass, M NS is the neutron star mass, G is the gravitational constant, and P orb is the orbital period. For the angular momentum changes due to magnetic braking, J MB , we used the default MESA prescription, following Rappaport et al. (1983) ,
where ω is the rotational angular frequency of the donor star, R d is the radius of the donor star, and γ mb is the magnetic braking index, which we fixed at the default MESA value of 3. 1 We did not switch magnetic braking off once the donor star has sufficiently reduced in mass to (in isolation) become fully convective (∼ 0.3M ). As discussed in Tailo et al. (2018) , due to the effects of irradiation on the internal structure of the donor star, it may not be fully convective at these very low masses, and magnetic braking could still be active in the system. The final contribution to orbital angular momentum evolution is mass loss, which can cause different amounts of angular momentum loss depending on where the mass is ejected from the system. By default, MESA includes mass loss prescriptions for mass ejected via a fast isotropic wind from either star, or a circumbinary coplanar toroid. Here, we include mass loss due to the radiation pressure of the pulsar on the donor star, causing an evaporative wind to blow that is ejected at the inner Lagrangian point of the binary system. The default MESA mass transfer efficiency, f mt , is given by
where α mt is the efficiency of mass loss from the vicinity of the donor, β mt from the accretor, and δ mt from the circumbinary coplanar toroid. We assumed there is no mass lost from the immediate vicinity of the donor or the circumbinary coplanar toroid, and chose an arbitrary β mt = 0.5 for mass lost from the vicinity of the accretor. Upon testing, using different values of β mt did not significantly affect the evolutionary tracks of our calculations. The results for the models we calculated using only the angular momentum losses outlined above are presented in Section 3.3. In addition to the standard MESA mass loss implementation, we also defined an evaporation efficiency, f ev , which is the efficiency by which mass is ejected via the evaporative wind at the inner Lagrangian point of the binary system. This is implemented via an extras routine in MESA, as the prescription is not included in the standard version of the software. As in Jia & Li (2015) , we assumed the pulsar radiation causes evaporation of the donor star during quiescence, when the mass transfer is temporarily interrupted, driving a wind which is given by (van den Heuvel & van Paradijs 1988; Stevens et al. 1992 )
where v d,esc is the escape velocity of the donor star, a is the orbital separation, and L p is the spin-down luminosity of the pulsar, L p = 4πI P/P 3 , where I is the pulsar moment of inertia. This evaporative wind is then added to the total wind mass transfer from the donor star, which is ejected at the inner Lagrangian point, adding to the angular momentum losses of the system. The total angular momentum changes due to mass loss in our calculations are thus given by
where ω = 2π/P and L 1 is the distance from the inner Lagrangian point to the center of mass, in units of the separation, a. As in Beer et al. (2007) , if M NS M d ≤ 10.0 then L 1 is given by Warner (1976) 
If M NS M d ≥ 10.0 then L 1 is given by Kopal (1959) 
where w K is given by
Thus, in our calculations, any mass that is released from the donor and not transferred to the accretor is ejected from the system with the specific angular momentum of the inner Lagrangian point. The results for the models we calculated including donor evaporation and mass ejection at the inner Lagrangian point are given in Section 3.4.
We also included irradiation of the donor star due to Bildsten & Chakrabarty (2001) the X-ray accretion luminosity. We did not include irradiation due to heating caused by the pulsar luminosity, as this is typically orders of magnitude lower than the heating caused by accretion. We used the MESA accretion-powered irradiation prescription, which requires an accretor radius (11.2 km (Steiner et al. 2018) ) and then calculates the X-ray luminosity as:
where M NS is the accretion rate onto the neutron star. The irradiation flux incident on the companion is then calculated as:
where a is the binary separation.
We chose to deposit the extra heating due to irradiation at a column depth of 10 g cm −2 , at the very surface of the companion star. Finally, we limited the maximum irradiation flux to 3 × 10 9 erg s −1 cm −2 , since there is an unknown irradiation efficiency of the accretion luminosity. It is likely the accretion disk could prevent some of the accretion flux being incident on the companion star, and most likely all of the accretion luminosity would not irradiate the companion. Tailo et al. (2018) assumed an irradiation efficiency in the range of 1%-2%. The results for the models we calculated including donor evaporation, mass ejection at the inner Lagrangian point, and irradiation are given in Section 3.5.
The observed orbital epheremeris and predicted system parameters for SAX J1808.4-3658, compiled from more than 20 years of observations of the source, are listed in Table  1 . We calculated a grid of models with a range of initial companion star masses and initial orbital periods, fixing the neutron star mass to 1.4 M , and the initial composition of the companion star to be X = 0.7, Z = 0.02. We determined the preferred initial companion star mass, and minimum and maximum possible orbital periods as outlined in Section 3, and varied the mass in increments of 0.05 M , orbital period in increments of 0.05 d, and evaporation efficiency in increments of 0.01.
RESULTS

Minimum initial mass of companion star
In order to set a strong lower bound on the minimum required mass of the companion star, we used MESA star to 
evolve a single star over the age of the Universe (which we assume is 14 billion years), to find the minimum mass star which can achieve a central hydrogen fraction of 0.57. We examined the central hydrogen fraction at the end of evolution for a range of initial masses, and found that a star with initial mass of 0.6 M is the minimum mass that has a central hydrogen fraction of 0.57 within 14 billion years of evolution.
Maximum and minimum initial orbital periods
The maximum initial period is set by the bifurcation period, which is the maximum period at which a system could evolve into a close low mass X-ray binary with an ultra-short period within the Hubble time ( We determined the minimum initial orbital period by calculating the Roche Lobe radius of the system for an adopted minimum mass ratio of q = 0.5 with M d = 0.7 M and M NS = 1.4 M . We used the Roche Lobe formula from Eggleton (1983) ,
and then found the separation to be R ZAMS /rL, where R ZAMS = 6.234 × 10 10 cm to infer the period. This minimum period is 0.4 d.
Evolution without donor evaporation
We first calculated models (labelled "A") assuming conservative mass transfer (setting β mt = 0.5) with no evaporative wind (i.e., f ev = 0.0) or donor irradiation. A full list of the best-fitting Model A initial conditions and results is given in Table 2 . We find that Model A is unable to reproduce the observed properties of SAX J1808.4-3658, in particular the orbital period derivative. In Figure 1 , it is clear that, at the current observed orbital period of 2.01 hours, the predicted orbital period derivative of the system is approximately two orders of magnitude lower than the observed value for all model combinations of initial companion masses and orbital periods that evolve to have a period as short as the current observed orbital period of the system. This finding is consistent with the earlier work of di Salvo et al. (2008) and 2018), the rapid change in the orbit that is inducing such a high orbital period derivative could be caused by either a highly inefficient mass transfer scenario that this model does not account for, or the observed orbital period derivative could be a short term evolutionary phase caused by tidal dissipation and magnetic activity in the companion. This kind of short timescale orbital period evolution should have quasi-cyclic variability with timescales ∼10 years. The latest outburst of SAX J1808.4-3658 (Bult et al. 2019a; Goodwin et al. 2019b ) provided the 20th year of observations of the orbital period derivative, and has shown an interesting development. Bult et al. (2019b) measured a long-term orbital period derivative of (1.6 ± 0.7) × 10 −12 ss −1 , finding an interesting possible quasi-periodic variability in the orbit with a ≈ 7 s amplitude around an expanding orbit, or a ≈ 20 s amplitude modulation around a constant binary orbit. Additional monitoring of future outbursts would be necessary to differentiate between these scenarios. In the next section, we model the evolution assuming that the binary orbit is not constant, and is expanding at an accelerated rate.
Evolution with donor evaporation
We then evolved a grid of models with evaporation efficiencies ranging from 0.001-0.7, in which the evaporative wind is ejected at the inner Lagrangian point of the binary system with no irradiation of the donor star (labelled "Model B"), as described in Section 2. The parameters for the model with the closest match to the observed values, as well as selected models with different initial orbital periods, companion masses, and evaporation efficiencies, are listed in Table  3 and plotted in Figures 2 and 3 . The best fit model including only donor evaporation, with M d,i = 1.1 M , P i = 1.22 d, and f ev = 0.2, matches all of the observed system parameters within their respective uncertainties. Due to the uncertainty of the measured orbital period derivative, a range of evaporation efficiencies (0.15-0.3) produce orbital period derivatives at the current observed orbital period of the system that match the observed change with time. Thus, we cannot constrain the evaporation efficiency with higher accuracy, but adopt f ev ≈ 0.2 as the "best" value for Model B.
Evolution with donor evaporation and irradiation
3.5.1 Retracing the evolution of SAX J1808.4-3658
Finally, we evolved a grid of models with evaporation efficiencies ranging from 0.001-0.7, in which the evaporative wind is ejected at the inner Lagrangian point of the binary system and including the effects of irradiation of the donor star due to the accretion luminosity (labelled "Model C"), as described in Section 2. The parameters for the model with the closest match to the observed values, as well as selected models with different initial orbital periods, compan-ion masses, and evaporation efficiencies, are listed in Table  4 and plotted in Figures 2 and 3 . When including the effect of irradiation of the donor star on the binary evolution, we require a much higher evaporation efficiency ( f ev = 0.5) in order to match the observed orbital period derivative, for the model with M d,i = 1.1 M , P i = 1.22 d. For Model C, including irradiation we find an equally good fit of the observed parameters for a shorter initial orbital period of P i = 1.0 d, but not for a smaller initial companion mass. Similarly to Model B, due to the uncertainty of the measured orbital period derivative, a range of evaporation efficiencies (0.4-0.6) produce orbital period derivatives at the current observed orbital period of the system that match the observed orbital period derivative. Thus, we cannot constrain the evaporation efficiency with higher accuracy, but adopt f ev ≈ 0.5 as the "best" value for Model C.
The effect of evaporation and irradiation feedback on the donor star evolution
We explored the effect of evaporation and irradiation feedback on the evolution of the mass and radius of the donor star, and found that when the evaporative wind commences, the donor star immediately begins to expand while continuing to lose mass through Roche Lobe overflow. The evolution of the mass and radius of the donor star for Model B and Model C is plotted in Figure 4 , where the black star indicates the commencement of the evaporative wind. This rapid expansion confirms that due to the effects of the pulsar irradiation on the donor star, the surface of the star heats up and the star expands to become a very fluffy, low mass "brown dwarf". Interestingly, for Model C, in which we include the effects of donor irradiation by the accretion luminosity, the donor star does not expand nearly as much as Model B, in which we only include evaporation feedback. Figure 4 shows the evolution of the internal structure of the donor star as a Kippenhahn diagram (right panel). At t ≈ 3000 Myr, we see the convective envelope of the donor star reach all the way to the core of the star, and it becomes fully convective.
DISCUSSION
We modelled the binary evolution of SAX J1808.4-3658, taking into account evidence that the donor star is significantly evolved, and the implications on the initial mass of the donor. We found the most likely progenitor of this system is a 1.1 M companion star with an initial 1.0-1.22 day orbital period. In order to match the observed orbital period derivative, our model requires that a significant amount of mass is ejected from the inner Lagrangian point of the binary system, by an evaporative wind caused by radiation pressure from the pulsar evaporating the donor star during quiescence. We also explored the effects of donor irradiation due to the accretion luminosity and found this has a nonnegligible effect on the evolution of the system, particularly the donor star. These findings agree with previous calculations by Chen (2017) and Tailo et al. (2018) .
In particular, our model requires a larger initial mass and orbital period than both Chen (2017) and Tailo et al. (2018) in order to match the observed composition constraints of the accreted fuel. This requirement has implications for the progenitor systems of low mass X-ray binaries, and requires that the donor star in SAX J1808.4-3658 has undergone significant mass loss during the evolution of the system, and more than previously suspected. Interestingly, in order to match the current observed system parameters, our model requires that magnetic braking remains active throughout the entire evolution of the system, even after the companion star becomes fully convective. Tailo et al. (2018) found that, due to the effects of irradiation, the companion star did not become fully convective, thus justifying keeping magnetic braking active. However, we found that even including irradiation of the donor star did not prevent the companion star from becoming fully convective. There are two points to consider in this regard: Firstly, our MESA models may not be appropriately evaluating stability against convection for the conditions in the irradiated donor, and the donor should actually still be at least partially radiative at its present mass. Secondly, the donor star in SAX J1808.4-3658 could in fact still have a strong magnetic field despite being fully convective, and therefore magnetic braking continues unabated. There have been some observations of fully convective dwarf stars with evidence for strong, stable magnetic fields (e.g., Morin et al. 2008; Shulyak et al. 2017 ). On theoretical grounds, some have proposed that intense activity and strong magnetism in fully convective dwarfs could be due to non-solar dynamo processes, concluding that fully convective stars could have significant magnetic fields that are generated in lower convection zones, and differential rotation contributes very little to the magnetic field (e.g. Durney et al. 1993) .
In our best fit model (Model C), it takes 3.73 × 10 9 years for the system to evolve from an orbital period of 1.22 d with a companion star of 1.1 M to the current observed period of 2.01 hours with a 0.08 M companion star. This model requires an evaporation efficiency of f ev = 0.5. Since the initial primary must have been massive, and evolved very quickly through a common envelope (to bring it in to a short orbit) and a supernova, the timescale we find for the subsequent evolution of the donor is approximately the total present system lifetime, ∼3.7 billion years.
As noted by numerous authors (e.g. Chakrabarty & Morgan 1998), the binary parameters of SAX J1808.4-3658 are reminiscent of a black widow millisecond radio pulsar, which are known to ablate their companions and have very low mass companion stars. This work confirms that SAX J1808.4-3658 could indeed be a hidden black widow pulsar, since we require that SAX J1808.4-3658 switches on as a radio pulsar during quiescence in order to evaporate the companion star and eject mass at the inner Lagrangian point of the system.
Optical observations of the 1998 and 2005 outbursts of SAX J1808.4-3658 revealed an optical i-band excess (Greenhill et al. 2006; Wang et al. 2001) , which could be indicative of a circumbinary disk in this system. Future work could look into constraining theoretically the possibility of the existence of such a disk, and if the mass ejected at the inner Lagrangian point is sufficient to create it.
CONCLUSION
We have demonstrated the necessity of taking into account that SAX J1808.4-3658 has an evolved donor star when modelling the evolution of the binary system. Our model requires an initial companion mass of 1.1 M and orbital period of 1.0-1.22 d in order to match the current observed system parameters (including for the first time the donor's measured hydrogen abundance) for an initial solar composition of the companion star and a 1.4 M neutron star. As previous authors have found, conservative mass transfer models do not reproduce the observed orbital period derivative of the system. In this work, we find that including the effects of pulsar evaporation and irradiation on the donor star, ejecting the evaporative wind at the inner Lagrangian point of the binary system provides sufficient angular momentum losses to match the current observed rate of change of the orbital period. We emphasize that the effects of both irradiation of the donor star due to the accretion luminosity and evaporation of the donor star due to the pulsar luminosity are non-negligible, and both are a key component in describing the binary evolution of SAX J1808.4-3658.
